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Abstract 
In this talk, we will present a piece of joint work with Magdalena Czubak in 

which we constructed, for a special choice of finite energy initial datum, a family of 
non-unique Leray-Hopf type solutions to the Navier-Stokes equation on a two 
dimensional negatively curved manifold.  The finite energy initial datum we take 
arises from the gradient of a non-trivial bounded harmonic function on a general 
negatively curved manifold.  By the term Leray-Hopf type solution associated to a 
given finite energy initial datum, we understand the one which has finite energy, finite 
dissipation, and at the same time satisfies the global energy inequality.  This 
non-uniqueness result on a two dimensional negatively curved Riemannian manifold 
is in sharp contrast with the classical well known uniqueness result for Leray-Hopf 
solutions to the Navier-Stokes equation on the 2 dimensional Euclidean space.  Since 
this work lies in the borderline of regularity theory of solutions to the Navier-Stokes 
equations and geometric analysis, necessary background in both areas will be 
presented. 
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Abstract 

We consider radial solutions of the elliptic equation in the entire space 
 Δ𝑢 + 𝑢𝑝 + 𝑢𝑞 − 𝜆𝑢 = 0,       𝑢 > 0 (1) 

where 𝜆 > 0 is a parameter. 
We prove, with Manuel del Pino (U. de Chile) and Ignacio Guerra (U. de 

Santiago de Chile), that for some parameter and some subcritical exponents, there 
are at least 3 solutions.  This result settles in a negative way a question about 
uniqueness of radial solutions to equations of the form Δ𝑢 + 𝑓(𝑢) − 𝑢 = 0. 
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Abstract 

In this talk, we consider local and global well-posedness of the 3D 
incompressible inhomogeneous Navier-Stokes equations (INS). 

First, we investigate the global well-posedness to (INS) with large initial velocity 
slowly varying in one space variable in the framework of anisotropic type Besov 
spaces.  And then, without small density variation assumption, we prove the local 
well-posedness of (INS) with initial data in the critical Besov spaces.  Furthermore, if 
the initial velocity field is small enough in the critical Besov space 𝐵̇2,1

1/2, this system 
has a unique global solution. 
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Abstract 

In this talk, we study the stability of contact discontinuities in 
three-dimensional compressible steady Euler equations for supersonic flow.  By 
developing the Kreiss, Majda and Osher’s arguments, we obtain the necessary and 
sufficient weakly stable condition of contact discontinuities. 

The energy estimate of solutions to the linearized problem has a loss of 
regularity. 
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Abstract 

Sub-elliptic equations have strong backgrounds in control theory, mathematical 
physics and other sciences and have been a subject of intensive studies in the last 
decades.  In this talk, we will discuss some properties of sub-elliptic equations and 
talk about some recent results including asymptotic mean value formulae and growth 
of sub-harmonic functions. 
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Abstract 
A classical counterexample due to E. De Giorgi, shows that the weak maximum 

principle does not remain true for general linear elliptic differential systems.  Since 
then, there are some efforts to establish the weak maximum principle for special 
elliptic differential systems, but the existing works are addressing only the cases of 
weakly coupled systems, or almost-diagonal systems, or even some systems coupling 
in various lower order terms.  In this work, by contrast, we present maximum 
modulus estimates for weak solutions to some coupled elliptic differential systems 
with different principal parts, under some mild assumptions.  The systems under 
consideration are strongly coupled in the second order terms and other lower order 
terms, without restrictions on the size of ratios of the different principal part 
coefficients, or on the number of equations and space variables. 
(This is a joint-work with Dr. Xu Liu) 
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Abstract 

We consider the Cauchy problem on nonlinear scalar conservation laws with a 
diffusion-type source term related to an index 𝑠 ∈ 𝑅 over the whole space 𝑅𝑛 for 
any spatial dimension 𝑛 ≥ 1.  Here, the diffusion-type source term behaves as the 
usual diffusion term over the low frequency domain while it admits on the high 
frequency part a feature of regularity-gain and regularity-loss for 𝑠 < 1 and 𝑠 > 1, 
respectively.  For all 𝑠 ∈ 𝑅, we not only obtain the 𝐿𝑝-𝐿𝑞 time-decay estimates on 
the linear solution semigroup but also establish the global existence and optimal 
time-decay rates of small-amplitude classical solutions to the nonlinear Cauchy 
problem.  In the case of regularity-loss, the time-weighted energy method is 
introduced to overcome the weakly dissipative property of the equation.  Moreover, 
the large-time behavior of solutions asymptotically tending to the heat diffusion 
waves is also studied.  The current results have general applications to several 
concrete models arising from physics. 
(joint with Renjun Duan and Lizhi Ruan) 


